Abstract. Entangled states are notoriously non-separable, their sub-ensembles being only statistical mixtures yielding no coherences and no quantum interference phenomena. The interesting features of entangled states can be revealed only by coincidence counts over the (typically) two sub-ensembles of the system. In this paper we show that this feature extends to properties thought to be local, for example the transmissivity coefficient of a beam splitter. We discuss a well-known experimental setup and propose modifications, so that delayed-choice can be added and this new feature of entanglement tested.
Introduction
Entanglement is probably the most counter-intuitive yet the most important distinctive feature of the Quantum World. Ignited by the famous Einstein-Podolsky-Rosen paper [1] , brought from philosophical debates into the lab by John Bell [2] , entanglement is nowadays a practical resource [3] .
The coherent superposition of a single photon Fock state impinging at both inputs of on a beam splitter is well known and well studied [4, 5, 6] . This is done typically with a Mach-Zehnder interferometer and the detection rates of the single-photon counters depends sinusoidally on the path length difference between the two arms of the interferometer. However, if the beam splitter is not balanced, the visibility of the interference fringes diminishes. Therefore, if one computes the ratio of the detection rates of the two output detectors, it heavily depends on both the path length difference of the two arms and the transmissitivity of the output beam splitter. This can be explained through Bohr's complementarity principle [7] and inequalities quantifying wave-like and particle-like behavior have been derived [8, 9, 10, 11, 12] .
The most popular source of single photons today is the process of spontaneous parametric down-conversion (SPDC) [13] . In the 1980's and 1990's, Mandel's group proposed and performed ground-breaking experiments involving two non-linear crystals. In such an experiment [14, 15] , "phase memory" of the pump beam implied an "induced coherence" between the two crystals: although the process of SPDC is random, coherence can be induced [16] . A follow-up proposal by Ou [17] showed how this type of experiment can be extended into a quantum eraser [18, 19] .
The same group reported a special kind of experiment [20] . This time, the idler beams of the two non-linear crystals overlap, therefore a detection at the idler photodetector could not determine which crystal emitted the photon pair. Dubbed "mind-boggling", this experiment displayed (or not) interference between signal beams in function of the absence (or presence) of a object blocking the idler beams. More than twenty years later, this principle launched a new research field: quantum imaging [21, 22, 23, 24] .
The idea of delayed-choice originated with Wheeler's seminal papers [25, 26] and was confirmed only decades later in an experiment [27] involving fully space-like separated decisions based on a quantum random number generator. Quantum elaborations of the initial experiment have been proposed [28] and experimentally confirmed [29] . In a nutshell, delayed-choice experiments prove that there is no decision ("wave", "particle" or partially both) taken by a particle before measurement.
In this paper we will use the idea of delayed-choice for a different purpose: we show that even local properties like the transmissivity of a beam splitter can become -in a way -non-local. Moreover, delayed-choice is added, therefore information about this property should not be available at arbitrary distances. Yet, the only way to reveal it is through coincidence counts, even if information about the choice taken could not have propagated from one part of the experiment to the other. This paper is structured as follows. In Section 2 we consider a coherent superposition of single photon Fock states impinging on a variable transmissitivity beam splitter. Entangled states are considered in Section 3, where the effect of entanglement is discussed for both local (single) and non-local (coincidence) measurements. An experi- mental setup displaying the theoretically discussed effect is described in Section 4. The delayed-choice version of the same experiment is proposed in Section 5 and finally conclusions are drawn in Section 6.
A coherent superposition incident on beam splitter
Suppose we have a state vector describing a coherent superposition of two single-photon Fock states in modes s 1 and, respectively, s 2 ,
We call this the "signal" wavevector. Throughout this paper, all modes are assumed to be monochromatic, all beam splitters lossless and all photo-detectors ideal. Before hitting the beam splitter BS s (see Fig. 1 ) the quantum state |ψ evolves into
due to a voluntarily introduced delay (modeled through the phase ϕ) in the first path. We characterize the beam splitter BS s by the transmissivity (reflectivity) coefficient
The quantum state after the beam splitter is easily computed yielding
The probability of photo-detection at the detectors D s /D s ′ is found to be
and it shows the famous interference fringes with a visibility phase difference divided by π in the signal part P s /P s' for ε=0.2 P s /P s' for ε=0.3 P s /P s' for ε=0.4
Fig. 2.
The ratio Ps/P s ′ from equation (6) for three values of ε. As the beam splitter transmissivity coefficient ε → 1/ √ 2, the ratio Ps/P s ′ shows higher and higher amplitude variations.
The ratio of photo-counts at the detectors D s and D s ′ is given by
and, as seen in Fig. 2 , it heavily depends on the beam splitter's transmissivity coefficient (ε) and on the path length difference, modelled here by the phase difference ϕ. The maximum for the photo-detection rate ratio (6) is obtained for sin ϕ = 1 and it raises at high values as the beam splitter becomes balanced (i.e. as ε → 1/ √ 2). This is the behavior one expects from the coherent superposition of single-photon states (1) applied to a beam splitter having a certain transmissitivity coefficient, ε.
Single and coincidence detection rates for an entangled state
We now assume that the quantum state from equation (1) became entangled with a second system with wavevectors denoted by |1 i1 and |1 i2 (the "idler" part). If the state is maximally entangled, it can be written as
and if we assume the same evolution of the signal part as described in Section 2, we have
After the beam splitter BS s the quantum state evolves to
If one wants to compute the single detection rates P s and P s ′ again, then a partial trace over the "idler" part of the wavevector |Φ ε has to be done. We first build the density matrixρ = |Φ ε Φ ε | of the global system, then partially trace over the idler modes yieldinĝ
and the probabilities of photo-detection at the detectors D s and D s ′ are straightforward to compute,
whatever the value of the transmissivity of the beam splitter BS s is, in stark contrast with what we found in equation (6) . It is noteworthy that the ratio from equation (12) doesn't depend on the path length difference ϕ, either. If one assumes now Alice (Bob) operating the signal (idler) part and of the wavevector (7), they have good reasons to be surprised: Alice expects to have a trace in her measurements of the transmissivity coefficient (ε) she has chosen for the beam splitter BS s . Yet, as it can be seen from the photo-counts she registers at D s and D s ′ , there is no trace of it.
Only correlations with Bob (who is totally unaware of Alice's decisions on ε) can reveal Alice's local choice. From equation (9) one can immediately compute the coincidence photo-detection probabilities at the detectors D s −D i1 and
2 )/2 and, respectively, P s ′ ,i1 = ε 2 /2. The ratio of the coincidence counts
depends on the transmissitivity ratio ε, although in a different manner compared to equation (4) . However, no coincidence (or single) counts can depend on ϕ if one considers the state vector (9). This is so because i 1 and i 2 are perfect which-path markers and ϕ is connected to the wave-like character of the wavefunction. One could recover also ϕ if we "erase" the which-path information. This can be done by a second beam splitter, BS i having the transmissivity (reflectivity) coefficient T = χ (R = i 1 − χ 2 ) with χ ∈ [0, 1]. Denoting the output modes of the beam splitter BS i by i and i ′ (i 1 goes through transmission to i ′ ) one finds the state vector The coincidence rates at the detectors D s − D i and D s ′ − D i are found to be
and
where V ε is given by equation (5). The ratio of the coincidence counts yields
For χ = 0 one immediately finds the result from equation (13) . Once again, a coincidence count between Alice and Bob can reveal the parameter ε (but not ϕ). If χ = 1/ √ 2 (i. e. BS i is balanced), we find the result from equation (6) (with the replacement ϕ → ϕ + π/2) and both ε and ϕ can be observed by Alice. This time, Bob's beam splitter acted as a perfect quantum eraser [18, 19] therefore no which-path information was available [30, 31] .
The new and surprising fact here is the impossibility of Alice to find traces of her own experimental parameter -the transmissivity ε of the beam splitter BS s -in any single detection rate. She can find this parameter either if the initial state is unentangled (see Appendix A) or, if she considers coincidence measurements with Bob. The puzzling feature is that local parameters that should be connected with Alice only reveal themselves uniquely in coincidence measurement. This feature will be taken one step further in Section 5, where delayed choice is added in choosing the parameter ε.
Experimental setup with two non-linear crystals
The maximally entangled state from equation (7) can be obtained with the experimental setup from Fig. 3 . It is the experimenal setup propozed by Ou, Wang, Zhou and Mandel (OWZM) [14, 15] . It is noteworthy that although in this experimental setup a single pair of photons is created, this pair is in a coherent superposition of originating from the first and second non-linear crystal. Coherence is induced by the pumping laser [14, 15, 16] .
As discussed in the previous section, due to signalidler entanglement, no variation of the single detection rate ratio P s /P s ′ should be observed on varying ϕ (with the idler detectors ignored). This should happen regardless of the value of ε.
However, by using coincidence counts, a whole range of ratios P s,i /P s ′ ,i can be obtained. As predicted by equation (17) , by varying Bob's beam splitter parameter χ, one can continuously morph between "wave-like" and "particlelike" behavior of our system. Equation (17) is satisfied whatever the values of ε and χ, while equations (6) and, respectively (13) are two extremes (total wave-like, and, respectively, total particle-like behavior).
A delayed-choice experimental proposal
Considering again the OWZM-type experimental setup (see Fig. 3 ), one can add Wheeler-style delayed choice [25, 26] , so that Alice chooses ε after Bob has already detected the idler photon. This time information about what parameter ε Alice has chosen couldn't have reached Bob before the detection of the idler photon.
Nonetheless, Alice sees no trace of ε in any single detection rate, as discussed in Section 3. Only by correlating her results with Bob's, she can reveal the beam splitter's parameter, ε. But this information should be local to Alice only, having no time to propagate. Yet, distant correlations reveal it while local detections return blank results.
Therefore, we propose a modification of the OWZMtype experiment from Fig. 3 so that the idler paths are much shorter than the signal ones. This time, Bob's detections (at D i /D i ′ ) will be much in advance compared to the signal part events, operated by Alice.
The experiment is performed as follows: after Bob records an event at either of the detectors, he sends a trigger signal to Alice (see Fig. 4 ). Alice receives this signal and starts a quantum random number generator (QRNG) [32] . This will choose ε for her beam splitter, BS s . It is supposed that the (signal) optical paths from the non-linear crystals to BS s are long enough, so that the decision Alice takes happens before the (signal) photon arrives at the beamsplitter BS s .
Alice varies ϕ in small steps and for each value of ϕ she records a (large enough) number of detections at D s /D s ′ . After the experiment is over, Alice can compare the ratio of detections found at the detectors D s and D s ′ . When considering only her local measurements, she should see a flat result, whatever the values of ϕ and ε. However, as discussed in Section 3, if Alice correlates her results with Bob's, the coincidence ratios (e. g. D s,i /D s ′ ,i ) should reveal her locally chosen parameter ε. Fig. 4 . The proposed OWZM-type delayed-choice experimental setup. Bob's idler part is much shorter than Alice's signal path, so that Bob's detections can trigger early enough a quantum random number generator (QRNG) used to choose the ε parameter of BSs. Alice's photon can thus arrive at BSs after this choice has been done.
Conclusions
In this paper we have shown that if one is bound to entangled states, local properties can become non-local, where only coincidence measurements reveal the given local property (in this case the transmissitivity of a beam splitter).
We proposed an experiment where this property takes the form of an information paradox. The choice of a local parameter -taken as late as possible by Alice -cannot be detected locally. It becomes nonetheless apparent in Alice-Bob correlations, however Bob cannot possibly have any information about Alice's delayed-manner and locally chosen parameter.
We can conclude that we pushed entanglement induced quantum non-locality one step further in this paper. Although thoroughly studied already, it seems that quantum entanglement has still more stories to tell.
A A non-entangled state with two crystals
Of course, Alice could recover the results from Section 2 if the initial state (7) is not entangled i. e.
This time the same quantum evolution from Section 2 leading to |Ψ ′ n = 1/ √ 2 e iϕ |1 s1 + |1 s2 ⊗|1 i and |Φ n = |ψ ε ⊗ |i after the beam splitter BS s is to be expected. Therefore, the density matrix of the global system can be written aŝ ρ n = |Φ n Φ n | = |φ ε ⊗|i i|⊗ φ ε | = |φ ε φ ε |⊗|i i| (19) which is clearly separable into signal and idler parts. Therefore, if Alice decides to measure the ratio of single detection rates D s /D s ′ , she will obtain again the result from equation (6) .
The non-entangled state vector from equation (18) can be obtained using the experimental setup depicted in Fig. 5 . This experiment was proposed by Zhou, Wang and Mandel (ZWM) [20] . This time, if Alice measures the photocounters D s and D s ′ , the photo-detection ratio P s /P s ′ Fig. 5 . The proposed experimental setup for a non-entangled state |Ψn given by equation (18) . The beam splitter BSs is characterized by the transmissivity (reflectivity) coefficient
should depend on the transmissivity ε of BS s and of the phase difference ϕ as predicted by equation (6) . This result is intuitive and both Alice and Bob should not be surprized by their findings. One should not disregard, thought, the fact that everything started with a separable state (18) , hence Alice's and Bob's subsystems have separate quantum evolutions.
